Let R be a local complete ring. For an R-module M the canonical ring map R → End R (M ) is in general neither injective nor surjective; we show that it is bijective for every local cohomology module M := H h I (R) if H l I (R) = 0 for every l = h (= height(I)) (I an ideal of R); furthermore the same holds for the Matlis dual of such a module. As an application we prove new criteria for an ideal to be a set-theoretic complete intersection.
Introduction
For an ideal I of a local ring (R, m) we denote the n-th local cohomology functor with support in I by H n I and the (contravariant) Matlis dual functor by D; i.e., D(M ) = Hom R (M, E) for any R-module M , where E := E R (R/M ) is a fixed R-injective hull of the residue field R/m.
Let R be a (always commutative, unitary) ring and M an R-module. Consider the canonical map µ M : R → End R (M ) that maps r ∈ R to multiplication by r on M ; it is a homomorphism of (associative) R-algebras. In general, µ M is neither injective nor surjective. In section 2 we will show that, if R is Noetherian local complete and I an ideal of R such that H l I (R) = 0 for every l = h (= height(I)), then µ H h I (R) is bijective. In particular, the endomorphism ring of the R-module H h I (R) is commutative and Ann R (H h I (R)) = 0. The proof of this result uses a generalization of Theorem 3.2 from [11] , which says that, for a special class of Noetherian local complete rings R, it is true that D(H h I (D(H h I (R)))) is either zero or isomorphic to R if H l I (R) = 0 for every l > h = height(I); the generalization is due to Khashyarmanesh ([14, Corollary 2.6]) and says that D(H h I (D(H h I (R)))) ∼ = R for every Noetherian local complete ring and every ideal I ⊆ R such that H l I (R) = 0 for l = h = height(I). We also show in section 2 that
Recently there was some work on Matlis duals of local cohomology modules (e.g. [6, 7, 10, 11, 12] ). In [10, Corollary 1.1.4] the following was proved: If, for some h ∈ N, H l I (R) = 0 for all l > h and x = x 1 , . . . , x h ∈ I is an R-regular sequence, then one has the following equivalence:
) regular sequence. In section 3 we extend this equivalence:
Theorem. Let (R, m) be a Noetherian local complete ring and I an ideal of R such that H l I (R) = 0 for every l > h := height(I) ≥ 1; let x = x 1 , . . . , x h ∈ I be an R-regular sequence. Set D := D(H h I (R)). The following statements are equivalent:
The equivalence of (ii) and (iii) is inspired by a result of Marley and Rogers ([18, Prop. 2.3] , which is a version of (ii) ⇐⇒ (iii) for (arbitrary) finitely generated modules D. 
Endomorphism rings
where the transition maps are induced by multiplication by x 1 · · · · · x h ).
Theorem 2.2. Let (R, m) be a Noetherian local complete ring and I an ideal of
To show surjectivity, let ϕ ∈ Hom R (H, D 2 (H)) be arbitrary; let x ∈ H be arbitrary and n ∈ N such that I n · x = 0. This implies I n · ϕ(x) = 0; i.e. (the first equality follows from exactness of D; for the second equality we remark that (0 : H I n ) is finitely generated, as the spectral sequence
). This means that the image of ϕ is contained in H ⊆ D 2 (H), which was precisely what we had to show.
(ii) Hom-Tensor adjointness shows
On the other hand, our hypotheses imply H l I = 0 for every l > h; in particular, H h I is right exact, we get 
Proof. This is straightforward: Let ϕ be in the kernel of the above map; this means that for all m ∈ M and for all ψ ∈ D(M ) one has ϕ(ψ)(m) = 0, i.e. ϕ = 0.
We apply this injectivity in the case where the local ring (R, m) is complete, M := H := H h I (R) and I is an ideal of R such that H l I (R) = 0 for every l = h; we get R-linear maps
The composition of all these maps is clearly id R . Thus, the injectivity statement from Lemma 2.5 shows:
Theorem 2.6. Let (R, m) be a Noetherian local complete ring and I an ideal of R such that H l I (R) = 0 for every l = h. Then the canonical map
Complete intersections and local cohomology
We need a couple of lemmata and remarks before we can prove Theorem 3.7, which is the main result of this section: Proof. We have to show that the canonical map
is bijective, but one has
and it is easy to see that this is the canonical map D(M ) → D(M ).
Let (R, m) be a Noetherian local ring and x = x 1 , . . . , x h a sequence of elements of R. Marley and Rogers have shown ([18, Proposition 2.3]) that, for finitely generated M , ι M,x is injective iff x is an M -regular sequence. In this context, note that the proof of the following lemma is strongly based on their proof; our additional ingredient is Remark 3.1. on D/(x 1 , . . . ,
The finite case is well known; [20, Prop. 5.2.1] is a reference for the general case (note that (ii) holds trivially if D/xD = 0).
(ii) ⇒ (i): By induction on h: h = 1: Set x = x 1 and let α ∈ D be such that xα = 0. We have to show α = 0. α represents an element of ker(ι D,x ); therefore, by assumption, α ∈ xD. Choose α 1 ∈ D such that α = xα 1 . We conclude x 2 α 1 = 0. Again, α 1 represents an element of ker(ι D,x ) and so there exists α 2 ∈ D such that α 1 = xα 2 . Continuing in this way, we get α ∈ k∈N x k D and then α = 0, by Remark 3.1. h > 1: First of all we prove injectivity of
h D for every k ∈ N by induction on k: k = 0 is trivial, we assume k > 0 and we write 
